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nuclear measurements made in petroleum reservoirs
and commercial mineral deposits.

ABSTRACT

Nuclear forward models describe the propagation of
neutrons and gamma rays in the wellbore and nearby
surrounding porous media. In the past, these models
have generally assumed infinitesimal pore sizes with no
laminations. However, many commercially successful
petroleum reservoirs contain vuggy porous systems
with finite pore sizes, laminated beds with alternating
fluid and mineral content, and changing fractal
dimension.

The main goal of these efforts is to improve the
measurement accuracy of the petroleum and mineral
content of these natural structures by improving both
porosity and water saturation measurement accuracy.

The origin and use of nuclear forward models like
SNUPAR and MSTAR are traced.
Significant
improvements to these initial efforts are proposed.
The Transmission Probability Method is applied to a
vuggy formation and thereby to derive Zakharchenko’s
equation. It is thereby demonstrated that the classic
linear mixing rule for the macroscopic thermal neutron
absorption cross section implies an infinitesimal pore
size. Impact of this result on other parameters output
by forward models is presented.

This paper describes advances in nuclear microgeophysical forward modeling in thinly laminated,
vuggy, and fractal porous media. The effects of finite
pore size, shape, and orientation; laminae; and fractal
dimension are provided on fast neutron, thermal
neutron, and gamma ray measurements of both porosity
and water saturation.

Pore size, shape, and orientation are examined for
vuggy and laminated formations. Impact of pore
system fractal dimension is presented and new details
given as to how such calculations are performed.
Finally, impact on cased hole bulk density and cased
hole neutron porosity are presented for two and three
detector pulsed neutron logging tools.

HISTORICAL DEVELOPMENTS
It was recognized early on (Kreft, 1974) that
measurements made with fast neutron sources like
AmBe require a quantitative description of the neutron
slowing down process, a complex one governed by the
neutron slowing down length Ls – a nuclear parameter

Results are presented in terms of changes to gamma ray
output parameters selected from: gamma hydrogen
index, bulk density, electron density index, apparent
bulk density, photoelectric factor, effective atomic
number, linear absorption coefficients, density porosity,
and cased hole bulk density.

that could not be described by conventional linear
mixing rules such as determined for bulk density and
the thermal neutron absorption cross section. The
unique and singular role of hydrogen (same mass as
that of the neutron) in this slowing down process
prevented any simplistic descriptions.

Results are also presented in terms of changes to
neutron output parameters selected from: capture cross
section, diffusion length, diffusion coefficient, transport
cross section, slowing down length, migration length,
neutron porosity, neutron hydrogen index, and cased
hole pulsed neutron porosity.

Service companies developed forward nuclear models
like SNUPAR (McKeon et al, 1988) and MSTAR
(Smith, 1987) to assist in the design of their nuclear
logging tools and to predict their response to porous
media containing minerals and fluids with a very wide
variation in composition and porosity.
Others
developed similar computer models. Compare for
example, with Jan Czubek’s program SLOWN2.bas, a
listing of which was published in 1988.

INTRODUCTION
As the demand for petroleum and other strategic
minerals intensifies, there has been a corresponding
need for more accurate, realistic micro-geophysical
models that govern acoustic, electromagnetic, and
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These models are called “forward” but they function in
reverse to a typical logging tool and its software: given
the chemical compositions, densities, and porosities of
an Earth formation, a forward model computes all the
nuclear parameters for that formation. (Figure 1)
These parameters are combined with proxy models
(generated from classic theory, test data, field data, and
Monte Carlo modeling) to model the response of
various logging tools in any Earth formations. The
forward model becomes the non-linear mixing rule
generator for all nuclear parameters of Earth
formations.

The most difficult/challenging aspect of initial efforts
with forward models was computing the slowing down
length of fast neutrons and relating it to formation
porosity. These early models assumed that the minerals
and fluids of both the pores and the host matrix are
homogeneously distributed with infinitesimal pore
sizes. These assumptions were used for mathematical
convenience despite the obvious fact that real Earth
formations are generally heterogeneous and contain
vugs, laminae, and fractal properties. After a time,
many experts came to believe that pore size effects on
nuclear logging tools were negligible in every case.
To make matters worse, density, neutron, and pulsed
neutron logging tools are routinely calibrated in
laboratory formations and shop calibrators that are
carefully chosen to be homogeneous throughout,
sometimes even without a porous system!
Forward models are indeed registered or calibrated
with laboratory data and with Monte Carlo modeling.
However, as this paper will attempt to demonstrate,
forward models can provide very useful information on
nuclear logging tool responses in vuggy, laminated, and
fractal porous media, in the nuclear micro-geophysical
environment.
The earliest work on finite pore size appears to be that
of V. F. Zakharchenko, in 1967. He used boundary
conditions associated with the neutron diffusion
differential equation to describe finite pore size effects
on thermal neutron absorption involving mercury
inclusions into the mineral cinnabar.
In 1988, Gabanska and Krynicka-Drozdowicz
constructed a Lucite matrix and loaded silver into its
vuggy pores and obtained experimental values for the
neutron capture cross section Σ , thereby confirming
Zakharchenko’s work, at least for the thermal neutron
capture process.

Figure 1. Diagram of a New Nuclear Forward Model that accepts
information (BLUE) about laminae, vugs, and fractal dimension.

Forward models are very useful, when combined with
the Monte Carlo Modeling Program MCNP5, for
constructing Chart Books, departure curves, and
environment corrections. More recently, workers have
found that forward models can even generate the input
information to MCNP5 (called material specification
cards), thereby tightening the coherence and accuracy
of modeling, test tank, Chart Book, and logging data. A
current thrust is to include proxy models for all nuclear
logging tools into forward models.

TRANSMISSION PROBABILITY METHOD
APPLIED TO A VUGGY MEDIUM
The Transmission Probability Method is the main
computational technique used in a new nuclear microgeophysical Forward Model “Laminated Vuggy Fractal
Porous Media”. It provides a more detailed and more
accurate description of the propagation of neutrons and
gamma rays in heterogeneous porous media. Pore size
and shape; thin laminae bed thicknesses; and formation
fractal dimension are integrated into computation of all
internal neutron macroscopic scattering and absorption
cross sections; and into all internal gamma ray mass
attenuation, mass energy, and linear attenuation
coefficients.

Clearly classical theory, forward models, and Monte
Carlo Models enjoy a symbiotic relationship in their
quest to more accurately describe laboratory and field
data for logging tools. Another improvement made
possible by these forward models: gas or other light (or
heavy) hydrocarbons are just another fluid and the
“Excavation Effect” just fades away!
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L=

This method is a computational technique that converts
microscopic experimental nuclear cross section data
recorded in various laboratories using (generally) thin,
homogeneous samples with no pores – in good
transmission and scattering geometries – into a form
more useful for computing the response of nuclear
logging tools in thick heterogeneous formations having
pores and laminae with finite sizes

λ ⋅ φ −1 / 3

(1)

V represents the minimum volume of formation that is
meaningful to consider – it contains on average a single
pore. Note that L depends on both λ and φ !
With reference to Figure 2, consider the propagation of
a beam of neutrons (or gamma rays) through this vuggy
formation. From Neutron Physics by Beckurts and
Wirtz, pp. 3-5, the macroscopic absorption cross section
for thermal neutrons ( Σ ) is the probability per unit
length for absorption and so the probability of survival
to a microscopic distance Δx is 1 − Σ ⋅ Δx , where
Σ ⋅ Δx << 1. For a macroscopic distance x (0.1 mm to
10 cm) into a homogeneous porous medium, the
transmission probability is e − Σx and so

“Transmission” is not meant to imply that the wellbore
geometry is a good transmission geometry for the
various nuclear logging tools, that neutrons and gamma
rays travel only as plane waves in the boreholeformation region, or that somehow the neutrons and
gamma rays travel through laminated beds that are
perfectly parallel or perpendicular to the borehole. In
general terms, neutrons and gamma rays propagate in
porous media incoherently – with no spatial phase
correlation of one nuclear event to the next. In this
context, “beam” means “general direction of neutron
and gamma ray propagation”, a quantity that is ever
changing from point to point in the well bore and
formation heterogeneous environment.

TRANS
PHOMO
= e − Σx

In fact, Σ HOMO may be defined by
TRANS
Σ HOMO = − ln( PHOMO
)/ x.

Then for a heterogeneous medium, calculate the
TRANS

transmission probability PHET and define the
effective heterogeneous macroscopic cross section by
TRANS
Σ HET = − ln( PHET
)/ x

(2)

TRANS
In order to calculate PHET
to a macroscopic distance x
in Figure 2, slice the formation up into (x/L) slabs of
thickness L perpendicular to the neutron beam. L is the
associated linear dimension (1). Each slab contains on
average one pore in the x direction and is composed of
vug/pore and rock, both of which are assumed to be
homogeneous and characterized by macroscopic
absorption cross sections Σ rock and Σ vug . These cross

Figure 2. Transmission Probability Method for a vuggy formation.
X is of the order of 1 mm to10 cm.

sections imply respective porosities of 0 and 1.
In Figure 2, assume that the pore system is clumped
into pores of average volume V [cm 3 ] and associated
linear dimension λ [cm ] so that

(In this paper, the terminology of Zakharchenko (1967)
as translated from the Russian was retained: in more
recent times “rock” is now called “matrix” – both shall
refer to the non-pore formation material and will be
used interchangeably.)

V = λ3 .

If the average porosity of the formation is φ , then each
pore is associated on average with a formation volume
V (e.g. rock + fluid)
V = V /φ .
V also has an associated linear dimension L[cm] such
that
V=L

3

2

Each slab has cross sectional area to the beam S[cm ]
and so has volume SL and contains SL/V = SL( φ / V )
pores. Since each pore has an area to the beam
λ2 = V 2 / 3 , the pores in each slab present an area to the
beam
SL ⋅ (φ / V ) ⋅ V 2 / 3 = SL ⋅ (φ / V 1 / 3 ) = Sφ 2 / 3 .

,

and so
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Then for a single slab the transmission probabilities are

clay globs within another solid matrix, and (4) other
mineral inclusions within a rock matrix. The blue
curves in Figures (3-9) demonstrate the above results
for a specific vuggy formation.

slab
Prock
= e − Σ rock L ⋅ ( S − S ⋅ φ 2 / 3 ) / S = (1 − φ 2 / 3 ) ⋅ e − Σ rock L

and
slab
Pvug
=e

− Σ vug λ

The Transmission Probability Method applies equation
(3) within the new Nuclear Forward Model to compute
all internal neutron macroscopic scattering and
absorption cross sections; and all internal gamma ray
mass attenuation, mass energy, and linear attenuation
coefficients. As the geometry of the pore system
becomes more complex than this first look at vugs, new
and different techniques are used to implement and
maintain this strategy.

⋅ e − Σ rock ( L −λ ) ⋅ Sφ 2 / 3 / S

or
slab
Pvug
= φ 2 / 3 ⋅ e − Σ rock L ⋅ e

− ( Σ vug − Σ rock ) λ

slab
, the neutrons must
(In the expressions for Pvug
penetrate both rock and vug.) Hence, the total
transmission probability to a depth L in the
heterogeneous medium is

slab
slab
PHET
= Prock
+ Pvug = e − Σ rock L [1 − φ 2 / 3 (1 − e

− ( Σ vug − Σ vug ) ) λ

PORE SIZE, SHAPE, AND ORIENTATION IN AN
OIL-SATURATED VUGGY DOLOMITE

)]

since the neutrons penetrate either the rock section or
the rock-vug section. Then the total transmission
probability to a distance x through (x/L) slabs is
TRANS
slab x / L
PHET
= [ PHET
]
= e − Σ rock x [1 − φ 2 / 3 (1 − e

− ( Σ vug − Σ rock ) λ

In the first use of the Transmission Probability Method,
the pores/vugs were modeled as little cubes with
volumes λ3 . Now suppose further these pores are
parallelepipeds with dimensions λ × λ × ελ and volumes
V = ελ3 , where the elongation ε lies between 1 and 4.
(Elongation is analogous to aspect ratio.) λ , called the
minor pore size, is the abscissa in Figures (3-9). The
associated linear dimension becomes

)] x / L

since the neutrons must penetrate slab1 and slab2 and
slab3 …and slab(x/L). Then use of equation (2) yields

Σ HET = Σ rock − (1 / L) ln[1 − φ

2/3

(1 − e

− ( Σ vug − Σ rock ) λ

)] ,

L = λ ⋅ (ε

/ φ )1 / 3

or, using equation (1)
Σ HET = Σ rock − (φ 1 / 3 / λ ) ln[1 − φ 2 / 3 (1 − e

− ( Σ vug − Σ rock ) λ

Two extremes of orientation are possible. In the
traverse orientation, these pores present a depth to the
beam λ (as before) and Zakharchenko’s equation for
the traverse case becomes

)] (3)

This equation was derived by Zakharchenko in 1967
using an entirely different approach. It satisfies a
number of important limiting conditions:

Σ HET = Σ rock − (φ 1 / 3 / ε 1 / 3 λ ) ln[1 − ε 1 / 3φ 2 / 3 (1 − e

− ( Σ vug − Σ rock ) λ

)]

φ → 0 , Σ HET = Σ rock ;
when φ → 1 , Σ HET = Σ vug ;
(3a)
when λ → 0 , Σ HET → Σ rock (1 − φ ) + Σ vug φ .

However, in the longitudinal orientation, this depth
becomes ελ and this equation becomes

These limiting conditions mean that the heterogeneous
cross section continuously grades over into the
homogeneous cross section as pore size tends to zero.
Equation (3) is thus a generalization of the mixing rule
for a vuggy porous system at porosity φ , with capture
cross sections Σ rock and Σ vug , and with pore size λ .

The Transmission Probability Method was used to work
out the maximum impact of pore elongation/orientation
upon a number of standard formation nuclear
parameters, all for the specific case of a 20% porosity
oil-saturated dolomite with Σ rock = 10 CU . A heavy

Because the derivation here is symmetric in rock/vug
properties, a wide variety of two-component mixture
problems is actually supported: (1) pores in a rock
matrix; (2) pebbles within a fluid bath, (3) structural

For Σ itself, Figure 3 shows a small effect primarily
because this example is for an oil-saturated formation
with a moderate sigma fluid value. In all the figures of

when

Σ HET = Σ rock − (φ 1 / 3 / ε 1 / 3 λ ) ln[1 − (φ / ε ) 2 / 3 (1 − e

− ( Σ vug − Σ rock )ελ

)]

oil density of 1.05 g/cc with a chemical formula of
C12 H 26 was used.
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this section, the minor pore size was taken out to the
extreme value of 1 cm. With an elongation of 4, this
“pore” is really more like a macro-tube or a channel.
(The blue curves of this section represent effects due to
pore size alone for which the elongation is 1 and the
discussion of pp. 3-4 applies.)

commercial example, other than extreme size, the pores
just contain oil – it is not a truly exotic case for density
measurements.

Figure 5. Pore size, elongation, and orientation effects on formation
bulk density. Small shifts noted.

Continuing with the oil-saturated dolomite example,
Figures 6-9 detail some of the features of pore size,
shape, and elongation on Ls , NPHI, and D , the thermal

Figure 3. Pore size, elongation, and orientation effects on formation
thermal neutron capture cross section Σ . Very small shifts noted.

neutron diffusion coefficient.

Figure 6. Pore size, elongation, and orientation effects on

Figure 4. Pore size, elongation, and orientation effects on formation
photoelectric factor. Small shifts noted.

Y

Ls for

the AmBe fast neutron source. Large shifts noted.

Recall that calculation of Ls was the raison d’être for
nuclear forward model development. In this porous
medium (Figure 6), as pore size and elongation
increase, Ls dramatically increases and some neutrons,
refusing to sample oil interior to its pores, spread much
further. Ls drives calculation of NPHI for most

Figures 4 and 5 detail the pore size and elongation
effects on Pe and ρ B . In the longitudinal orientation,
the pores are 100% aligned with their major axes along
the beam direction. Only for really long, tube-like
macro pores with elongations beyond 3 is the effect on
either as large as 10%. Sensationally large effects are
readily attainable (as in the original case of
Zakharchenko) by loading the pore system with
elements having a high density (such as barite) relative
to the rock matrix. However, in this important

commercially available dual-spaced neutron logging
tools. Figure 7 details this impact on NPHI – it is huge
even for minor pore sizes of 0.1 or 0.2 cm. Note how

5
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in the longitudinal orientation. Also, this effect
saturates for these same modest pore sizes. Such
features have an impact on diffusion corrections to Σ
and their manner of implementation for pulsed neutron
die-away logging tools. Similar behavior has also been
observed for the thermal neutron diffusion length L .

porosity values are forced hard to pessimistic values
with increasing pore size and elongation.

Figure 7. Pore size, elongation, and orientation effects on NPHI.
Huge shifts in porosity noted.

The primary calibrators for NPHI are test formations at
the University of Houston. The author cannot recall
any pore size measurements on these test formations!

Figure 9. Pore size, elongation, and orientation effects on D, the
thermal neutron diffusion coefficient.

The Chappell Hill Logging multi-detector pulsed
neutron logging tool utilizes direct measurement of D
both to correct its Σ measurements for diffusion and
also to provide cased hole pulsed neutron porosity
measurements, as shown in Figure 10.

Figure 8. Pore size, elongation, and orientation effects on the
Density-Neutron crossplot.

The density-neutron crossplot (Figure 8) shown above
summarizes the impact of pore size, elongation, and
orientation on density and neutron measurements. Note
that the y-axis density values are considerably
magnified so that the main movement is to the West,
towards lower neutron porosity values. NPHI is for
limestone and freshwater.

Figure 10. Basic transform from measured thermal neutron diffusion
coefficient to porosity for a multi detector pulsed neutron tool.

Note the impact of pore size on porosity values for the
oil-saturated dolomite example of this section –
downward movement is mainly due to the oil whereas
movement to the right is due to increasing pore size.

For completeness, Figure 9 just above details the
impact on D , the thermal neutron diffusion coefficient.
Notice the rapid increases in D for modest pore sizes
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Several advantages of this porosity transform may be
noted: (1) monotone behavior for porosities from 0
through 1; (2) salinity independence; and (3) muted
lithology dependence. Details on how D is obtained
from the pulsed neutron data are not provided at this
time.

and Material2 atomic weights are computed and so the
bed thickness average atomic weight is

As to the salinity independence of φ , recall that D is
related to the thermal diffusion length ( L ) and Σ itself:

MassFraction1 = W1 * AtomicWeight1 / AveAtomicWeight

D = L2Σ .

AveAtomicWeight = W1 ∗ AtomicWeight1 + W2 ∗ AtomicWeight 2

Then the Material1 and Material2 mass fractions are

MassFraction2 = W2 * AtomicWeight2 / AveAtomicWeight .

(4)

These mass fractions are used to compute mass
attenuation coefficients at all gamma energies. The
final gamma ray mixing rule needed for the classic or
homogeneous computation of the linear attenuation
coefficients involves the bulk density itself:

As salinity increases and hydrogen content is
suppressed, increases in Σ are just offset by decreases
in L : D varies with hydrogen content/porosity
independently of salinity! Still, these advantages are
modest in comparison with the pore size effects shown
in Figure 10, for this example.

HOMO
ρ LAM
= W1 ∗ ρ1 + W2 ∗ ρ 2 .

This rule follows from a proper accounting of the
masses present in the sand and shale laminae, assuming
their materials are homogeneous with infinitesimal pore
sizes.

CLASSIC MIXING RULES FOR PARALLEL
AND PERPENDICULAR LAMINAE USING BED
THICKNESS WEIGHTING
Before examining the Transmission Probability Method
for thinly laminated media, a homogeneous approach is
examined that uses bed thickness weighting and forms
the baseline for comparisons within the new Forward
Model between its homogeneous and heterogeneous
calculations. Suppose Material1 (sand) has thickness
Δ1 and Material2 (shale) has thickness . The total

A number of problems may be associated with this
homogeneous mixing rule approach: What if Material1
laminae have huge pores compared with those for
Material2 laminae? For computing neutron porosity,
what if the Material1 laminae have very high hydrogen
content? For the bulk density and Pe calculations,
suppose Materia1 vugs are clogged with a very high
density material like barite? What if the Material2
laminae generally have very high density materials?

Δ2

thickness of one laminar cycle is Δ = Δ 1 + Δ 2 and so
the corresponding bed thickness weights are

These problems are generally approached by addition
of various ad hoc mixing rule supplements that have
little standardization, coherence, and half-life. Such
rules simply do not embody specific nuclear properties
for specific minerals and fluids. Finally, note that this
classic approach does not speak to laminae orientation.

W1 = Δ 1 / Δ and W 2 = Δ 2 / Δ .
For the neutrons, all macroscopic cross-sections for all
energies and for both absorption and elastic scattering
processes obey simple bed thickness weighting:

Σ iLAM = W1 ∗ Σ1i + W2 ∗ Σ i2 .

THINLY LAMINATED MEDIA, PART I:
PARALLEL LAMINAE

For the gamma rays, these rules are more complex
even in the homogeneous case. Mixing rules for the
linear attenuation coefficients (LAC) at various
energies are central to both the homogeneous and
heterogeneous calculations. For the gammas, tables of
mass attenuation coefficients (MAC) from Hubbell
(1989) are used and LAC is computed from the general
relationship

The algebraic properties of Zakharchenko’s equation
and similar expressions has been extensively explored they remain borderline tractable in all but the simplest
geometrical cases. When the Transmission Probability
Method is applied to thinly laminated formations,
expressions for Σ HET and the heterogeneous gamma
linear attenuation coefficients cannot be obtained in
closed form. Instead, computer software has been
utilized to continue development of this method.
Figure 11 shows some of the geometrical details of the
new method as applied to the parallel orientation – for
nuclear tools this is most appropriate to logging

LAC = ρ ∗ MAC ,
where

ρ

applied to

is bulk density. Bed thickness weighting is

ρ

and MAC as follows. Total Material1
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Σ from Table 1 between the sand and montmorillonite!
In one sense, this is a confirmation of the Transmission
Probability Method for neutron absorption and laminae.

horizontal wells with horizontal laminae. Assume that
the microscopic associated linear dimension [see
equation (1)] of Material2 is less than that for
Material1.
The transmission probability to a
macroscopic distance x is computed by summing the
probabilities through the individual microscopic
L2 slabs, i.e. the neutrons or gamma rays must pass
through slab1 and slab2…and slab n. However, at
each step in these L2 slabs, the neutron/gamma rays can
penetrate the matrix or pore of Material1 or the matrix
or pore of Material2, etc. The unique way transmission
probabilities are computed distinguishes the new
method from classic bed thickness weighting.

Table 1. Homogeneous bulk nuclear parameter values for two
separate, independent porous media that will be modeled as interdependent, alternating laminated beds.
Notice that near zero Montmorillonite bed thickness Σ
is 10 CU. At a thickness of 10 cm, Σ is 35 CU, the
simple average of 10 CU and 60 CU for sand and
Montmorillonite, each with a bed thickness of 10 cm.
These predictions for Σ represent the formal outputs
from the new nuclear forward model as computed by
the Transmission Probability Method: in particular they
do not represent the tool response from a pulsed
neutron logging tool in laminated formations.
Experimental data, classic modeling, forward modeling,
and Monte Carlo modeling are all needed to construct a
pulsed neutron tools model. Compare these predictions
with the results and discussion surrounding Figures 18
and 19 for which focusing on the sand laminae by a
new cased hole density measurement is achieved. Real
pulsed neutron tools can reject borehole properties and
focus on formation properties – the tool is said to “pulse
against the borehole”.

Figure 11.
Parallel transmission geometry forMaterial1 and
Material2 laminae. Appropriate orientation for horizontal logging.

In this example, ultra-clean sand with 20% porosity,
grain density of 2.65 g/cc, and matrix capture cross
section of 4.6 CU was 100% oil saturated, again using
chemical formula C12 H 26 and density 1.05 g/cc. Its
pore size was fixed at 0.001 cm and its laminae had a
fixed bed thickness of 10 cm. Montmorillonite was
represented by Ca7 Na7 Al12 Mg 4 Fe4 Si8O28 H12 B0.058978 , with
matrix density 2.5 g/cc and thermal neutron capture
cross section 60.0 CU; it contained no free water; its
pore size was fixed at 0.0001 cm.
The small, fixed pore sizes for the sand and
Montmorillonite allow a focus on the laminae mixing
dynamics. When the model is run in its homogeneous
mode, it computes nuclear parameters for two separate,
totally independent porous media, resulting in the
values of Table 1. (NPHI and DPHI are computed for
limestone and freshwater.) When the transmission
probability method treats these two media as
interdependent laminae, virtually the same values are
obtained for Σ itself as from the homogeneous
approach using bed-thickness weighting (Figure 12).
This result is obtained despite the 6 to 1 difference in

Figure 12. Capture cross section

8
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For bulk density, the new model results in a dramatic
increase in the first several centimeters of added bed
Montmorillonite thickness, whereas bed thickness
weighting shows a much more uniform increase over
the entire range 1 to 10 cm. These features are echoed
in the density porosity (Figure 13). Sand porosities in
similar laminated sand-shale sequences are driven
pessimistic and must be increased to improve accuracy.
Modeling results with the Transmission Probability
Method indicate that the increases are much larger than
those computed using classic bed thickness weighting.
Near a bed thickness of 0, both methods agree that the
(uncorrected) porosity is 0.222. At a thickness of 10
cm, where the independent average porosity is 0.173,
predicted heterogeneous porosity is about 1 p.u. lower.
Figure 14. Neutron porosity versus Montmorillonite bed thickness.
Maximum difference between the two methods here is about 2 p.u.

THINLY LAMINATED MEDIA, PART II:
PERPENDICULAR LAMINAE
Figure 15 show the geometry used for the perpendicular
mode of the Transmission Probability Method. Again,
these probabilities are computed in software because
they cannot be expressed in a simple closed form.
When modeling is performed in its perpendicular mode
(appropriate for nuclear tools in standard vertical
logging runs with horizontal beds), differences are
about the same as those seen above for the parallel case
– even for the very sensitive thermal neutron diffusion
length and diffusion coefficient. One factor involved is
that both laminated materials contain pores that are very
small in comparison with the nuclear parameter macro
lengths involved.

Figure 13. Density porosity versus Montmorillonite intrusion bed
thickness. Maximum difference here is about 3.5 P.U.!

Decreases in neutron porosity (same direction as
density porosity!) are also observed (Figure 14), with
the heterogeneous porosities again more pessimistic
than those from bed thickness weighting. Near a bed
thickness of zero, both methods agree that the neutron
porosity is 0.277, but at a Montmorillonite thickness of
10 cm, both values lie above the average independent
porosity of 0.178 with the heterogeneous value more
than 2 p.u. below the homogeneous value! These results
reflect changes in the slowing down length Ls itself. It
is reasonable to expect that the laminated mixing rule
for Ls would not be amenable to linear bed thickness
weighting. Analogous results were observed for both
the thermal diffusion length L and the neutron
diffusion coefficient D .
Observed differences between bed thickness weighting
(homogeneous) and the newer heterogeneous model
based on transmission probabilities reflect the
interdependence of the gamma ray propagation in both
media on the specific physical properties of both media,
simultaneously.

Figure 15. Perpendicular transmission geometry forMaterial1 and
Material2 laminae. Appropriate orientation for vertical logging.
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first centimeter of Montmorillonite. This was also seen
for bulk densities underlying the density porosity curve
behavior of Figure 13 for the first laminae example.
This behavior represents a controversial aspect of the
transmission probability method. With reference to
Table 2, note that the prediction for both the parallel
and perpendicular orientations of the heterogeneous
bulk density can be greater than the bulk densities of
either bed member. This is interpreted to mean that the
scattering and diffusing gamma rays do directly sense
the rock matrix and the mixing rule of linear attenuation
coefficients of these two materials requires both
average bulk densities and matrix grain densities. In
Figure 17, this density behavior is echoed in the related
standard open hole porosities. Heterogeneous open
hole porosities are driven below the homogeneous bedthickness-weighted values by 1 to 3 p.u.! The
interdependence between the properties of both media
plays a role in these results. (Again, these porosities are
for limestone and freshwater.)

THIN LAMINAE, PART III: IMPACT ON CASED
HOLE DENSITY AND NEUTRON POROSITY
As a final example with laminae, suppose the oil sand
has its sigma matrix increased to 10 CU and the
Montmorillonite has a free (fresh) water saturation of
30%. All other features are the same as for the first
example involving parallel laminae. When the model
was run as for two independent media, the data of Table
2 resulted. Observe that the slowing down lengths of
both media and their neutron porosities are about the
same. Also, note the better than 3 to 1 difference in Σ
values for the sand and “shale”.

Table 2.

Independent bulk nuclear parameter values for the final
example involving laminae.

Y

When the Transmission Probability Method is applied
to this laminated bed example of two interdependent
media, resulting open hole and cased hole densities and
density porosities are shown in Figures 16 and 17, again
as functions of bed thickness of Montmorillonite. Both
the parallel and perpendicular orientations recorded
about exactly the same heterogeneous results.

Figure 17. Standard open hole porosities versus Montmorillonite
bed thickness. Maximum shift is about 3 p.u.

Figure 16. Standard open hole bulk density versus Montmorillonite
bed thickness, showing both homogeneous and heterogeneous results.

In Figures (18-19) on the next page, cased hole bulk
densities and related porosities from the Chappell Hill
Logging Systems triple detector pulsed neutron logging
tool are presented. These results for cased hole density
involve laboratory data, well logs, classical theory,
Monte Carlo modeling, and Forward Modeling for both
the homogeneous and heterogeneous gamma ray linear
attenuation coefficients. In particular, these cased hole
densities are not based on inelastic scattering data.
Instead, they are based on a dual-ratio technique from
thermal neutron capture gamma rays that is thought to
be lithology independent. Details of these cased hole
density measurements are not provided at this time.

With reference to Figure 16, note the increase in the
heterogeneous standard open hole bulk density for the

Clearly the homogeneous and heterogeneous cased hole
curves (Figure 17) behave much differently than the
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corresponding curves for the open hole (Figure 16): the
two sets of measurements have very different
underlying physical mechanisms. The standard open
hole measurements are based on gamma ray scattering
and diffusion, whereas the cased hole measurements are
based on neutron slowing down, diffusion, and capture;
and return gamma ray scattering and diffusion – all
from a pulsed neutron generator.
From Table 2, note that both sets of laminae have about
the same slowing down lengths and neutron porosities.
This is a factor bearing on the insensitivity of this cased
hole sand laminae density measurement to intrusion by
the Montmorillonite laminae. However, under closer
observation, notice that these cased hole density values
are very close to the independent sand bulk density of
2.330 g/cc. Such behavior in this time-dependent
environment may be understood as follows. The better
than 3 to 1 ratio of the Σ values between the sand and
Montmorillonite laminae means that thermal neutrons
and their capture gamma rays die out much faster in the
Montmorillonite than in the sand, leaving mainly
thermal neutrons and their capture gamma rays from the
sand laminae after a period of time. (Even if some
thermal neutrons leave the sand laminae and return to
the Montmorillonite laminae, they will generate capture
gamma rays with the same time signature as for the
sand gamma rays: these gamma rays, originating in the
Montmorillonite laminae, decay at the same rate as
those in the sand laminae!) Hence a plausible
explanation for the insensitivity of such cased hole
density values from Montmorillonite laminae intrusion
is that this measurement is able to capitalize on the 3 to
1 ratio of Σ values and focus just on the bulk density of
the sand laminae!

Figure 19. Pulsed neutron cased hole density porosity versus
Montmorillonite bed thickness, for both parallel and perpendicular
orientations. Compare with open hole densities of Figure 17.

FRACTAL DIMENSION AND NUCLEAR
FORWARD MODELING
As the final topic, consider a porous media with a range
of pore sizes governed by a single fractal dimension D p .
Allen Hunt (2005) introduced the probability density
function W (r ) for a pore of radius r in a porous
medium with fractal dimension D p as
W (r ) =

(3 − D p ) ⋅ r −1− D
3− D p

p

, with rmax ≤ r ≤ rmin .

(5)

rmax
Dp

varies from 1.001 to 2.999. Following Professor

Hunt, the total porosity ϕ including all pores in the
interval [ rmin , rmax ] is just the integral of W (r ) times
r 3 and

leads to the key result

ϕ = 1 − (rmin / rmax )3− D ,
p

(6)

which had been derived by Rieu and Sposito (1991)
using their infamous partial volume expansion
technique. Dr. Hunt remarked that W (r ) and its
normalization were chosen to achieve this result.
The initial scenario used by the Transmission
Probability Method within the new model assumes that
laboratory or other measurements produce input values
for ϕ , D p , and rmax . Then values for rmin are chosen to
be consistent with (6). Ten equal-sized bins called
“pore radii classes” are formed from the interval
[ rmin to rmax ]. The average pore radius, porosity ( ϕi ),

Figure 18.
Pulsed neutron cased hole bulk density versus
Montmorillonite bed thickness, for both parallel and perpendicular
orientations and for classic bed thickness weighting.
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and membership probability ( Pbi ) are computed for
each class. Compute the class probabilities using W (r )
as

and compute the class porosities using
Figure 22. Class PDF, probabilities, and porosities at D p =2.750.

The constant A0 is determined by forcing the sum of the
Pbi over all classes to equal unity. These probabilities
are then used as weights in Zakharchenko-like
expressions (equation 3) for all energy-dependent
neutron scattering and absorption macroscopic cross
sections and all energy-dependent gamma ray linear
attenuation coefficient expressions internal to the
Transmission Probability Method.
The examples of this section on fractals are for a 20%
porosity limestone 100% freshwater saturated, with a
sigma matrix value of 7.1 CU - a so-called “text book,
gold standard limestone”. The maximum pore radius
rmax was fixed at 0.20 cm, a relatively large value. The
series of Figures 20 through 23 show the behavior of
W (r ) , Pbi and ϕi for this otherwise pristine limestone
for four fractal dimensions

Dp

Figure 23. Class PDF, probabilities, and porosities at D p =2.950.

Do note 18 orders of magnitude change in the y-axes
of these figures (needed to accommodate the
continuous probability distribution function W (r ) )! This
function is shown in equation (5). Its normalization
was chosen to make equation (6) have its exact form, as
originally derived by Rieu and Sposito (1991).

.

As the fractal dimension increases from 1.001 towards
its maximum possible value of 2.999, the minimum
pore radius decreases – slowly at first and then, for D p
greater than about 2.5, the minimum pore radius
dramatically decreases. This behavior is also shown on
the next page in Figure 25 as the blue curve.
At low fractal dimensions, pore sizes cluster near the
maximum pore radius. W (r ) is nearly constant with a
value of about 1000. All ten pore classes have about
the same class membership probability (0.1). Class
porosity is about 0.02.

Figure 20. Class PDF, probabilities, and porosities at D p =1.001.

At a fractal dimension of 2.0, all ten classes have an
average porosity ϕi of exactly 0.02. As the fractal
dimension increases beyond 2.5, the individual ten class
plot points are clearly visible. More of the porosity is
shifting into the smaller pore size classes.
At a fractal dimension of 2.95, observe that the first
class has a membership probability just under 1, and yet
its class porosity is still only about 0.095, with the
porosity in class two at about 0.03. Hence classes 3

Figure 21. Class PDF, probabilities, and porosities at D p =2.000.
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through 10 have a total porosity of 0.20–0.125 = 0.075!
Although more and more of the pores become smaller
and smaller as the fractal dimension increases, the
larger pores still contain a considerable amount of the
freshwater fluid in this example.
Figure 24 shows that, as fractal dimension increases,
bulk density increases and fast neutron slowing down
length ( Ls ) decreases. This behavior is reminiscent of
that seen in the section on pore size and orientation
(Figure 7). Here, however, there is a continuous
distribution of pore sizes. In one sense the behavior of
both curves of Figure 24 is analogous and may crudely
be pictured as follows. As the fractal dimension
increases, pore size dramatically decreases. Since
scattering and diffusing neutrons tend to avoid water,
when the fractal dimension is low and the pores are
larger, they don’t “see” some water internal to these
larger pores and they propagate more in the rock
matrix. But then, as the pores are reduced in size, the
neutrons “find” all the water present, Ls decreases and
the neutrons are more spatially confined. Similarly, the
gamma rays attempt to avoid the higher density of the
limestone matrix and tend to propagate in the lower
density fluid, reporting more water than matrix when
the fractal dimension is low, and conversely.

Figure 24.

Classic bulk density and fast neutron slowing down
length versus formation fractal dimension.

Y

Figure 25 shows the actual porosities involved: at the
lower fractal dimensions, they are separated by 3 PU!
At these lower fractal dimensions, apparent density
porosities remain about 1 PU above the true porosity
and the apparent neutron porosities are about 2 PU
below the true porosity.
At higher fractal dimensions, the minimum pore radius
dramatically reduces and more and more pores have
smaller radii and both the density and neutron apparent
porosities approach the true porosity (0.20).

Figure 25. Density, neutron porosities and minimum pore radius
versus fractal dimension. The true porosity here is 0.20.

Figure 26 on the next page shows that both the thermal
neutron diffusion length and diffusion coefficient
decrease as the fractal dimension increases towards 3,
analogous to the behavior for Ls . When results like
those of Figure 26 are combined with (4), it turns out
that Σ is independent of fractal dimension for this
example!

Neutron porosity logging measurements, for both
wireline and LWD commercial operations, have been
based on three test tanks at the University of Houston:
Carthage Marble, Indiana Limestone, and Austin Chalk,
plus 100 % Freshwater. For these so-called “gold
standard” limestone calibrators, there exist no
supporting measurements for sigma matrix, pore size,
pore size distribution, or underlying fractal dimension.
All of these parameters are fully supported by the latest
nuclear Forward Model using the Transmission
Probability Method.

Figure 27 show a plot of this thermal neutron diffusion
coefficient and its related cased hole pulsed neutron
porosity values from Chappell Hill Logging Systems as
functions of fractal dimension. (Figure 10 displays the
associated diffusion coefficient to porosity transform.)
It may be seen that these neutron porosity values are
indeed strong functions of fractal dimension.
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DISCUSSION AND CONCLUSIONS
The main goal of these efforts is to improve the
measurement accuracy of the petroleum/mineral
content of natural structures by improving both porosity
and water saturation measurement accuracy.
The genesis of nuclear forward modeling was traced to
calculation of the fast neutron slowing down length.
Present day nuclear forward models generate the nonlinear mixing rules of matrix and fluid for virtually all
nuclear parameters in a wide class of Earth formations.
The Transmission Probability Method has nudged
nuclear forward modeling towards the microgeophysical realm of finite pore sizes, including vugs,
pore elongation and orientation, laminae, and pore size
distributions governed by a single fractal dimension.

Figure 26. Thermal neutron diffusion length and diffusion coefficient
versus formation fractal dimension. Both quantities have dimension
length [cm].

A controversial aspect of the Transmission Probability
Method is its use of a transmission beam direction.
From the results in this paper, this method does
correctly reproduce Zakharchenko’s result for vugs that
he first obtained by an entirely different approach using
boundary conditions and the neutron diffusion
differential equation. Recall also that his equation also
satisfies three key limiting conditions (3a) on porosity
and pore size. Moreover, for laminae, the new
Transmission Probability Method, using the more
complex parallel and perpendicular geometries as
pictured in Figures 11 and 15, reproduces the results of
classic bed thickness weighting for Σ itself, when
small pore sizes are used for both laminae materials.
While at least one experiment has confirmed use of the
Transmission Probability Method for thermal neutron
absorption, more work is needed to verify this method
for scattering during the fast neutron slowing down
process and during thermal neutron diffusion. Finite
pore size features can be accounted for ex post logo as
in the style of new environmental corrections or in
“what if” scenarios. As yet, however, these new
features are mainly predictions that have not been used
to locate or identify actual pore size variations.

Figure 27. Thermal neutron diffusion coefficient and related cased
hole neutron porosity versus formation fractal dimension.

As the fractal dimension changes from 1.5 to 2.99, this
cased hole porosity increases from 0.11 to 0.20!
For completeness, it should be noted that the
photoelectric factor Pe was observed to change by at

For the pore elongation and orientation effects, it must
be emphasized that maximum effects were given - as if
all pores somehow acquired the same alignment; also, a
minor pore dimension of 1 cm with an elongation of 4
is a huge macro pore more like a tube or a channel. For
the fractal dimension example, a rather large value of
0.2 cm was used for the maximum pore radius.

most 1% over the entire range of fractal dimensions
from 1.01 to 2.999 by use of the Transmission
Probability Method.

Sensationally large effects can readily be generated by
loading formations with minerals and fluids having
high density and/or high hydrogen index and many of
the techniques discussed here can be very useful in
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discussing such exotic cases in more quantitative detail
than ever before. However, the examples shown in this
paper (save for actual pore size discussed above)
generally involved minerals and fluids associated with
more traditional logging scenarios. For these more
modest cases, small pore size effects on photoelectric
factor and modest effects on bulk density are predicted.
Small effects have been noted on the thermal neutron
capture cross section itself. Finally, much larger effects
are predicted for the fast neutron slowing down length
and its related neutron porosity and both the thermal
neutron diffusion length and thermal neutron diffusion
coefficient.
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